
Ergodic Theory and Measured Group Theory
Lecture 8

E- ergodic theorem .

let t be a pimp transformation on Agn) . KPH,

V-fc.li/4M,AifqpEf-f=...By-)asn-so .

Proof
. Recall tht we have Atf → f- a.e . So if 1- is bold, then

DCT implies tht AIF → µ f- as a→a. For an arbitrary
felt

,
Pet f*→µf a. t . each fr is bold

.

I " ⑦
11 Aif - f- 4. E KAIF - AIT-dlptlln-ifu-fjlf.tl/f-u-Fllp

(1) KAIF - Aifa /Ip = HAI If - fr)HpE If - fullp hi, Bridget (b) .
↳ 0 ask→ as

(3) IIF- f-nllp = 114¥ Up 2- Hf - fpllp ( it's an E- contractions .
↳ 0 as kiss

µ HAIFA - full
,>
→ 0 as n → 0 fail bdd .

Hence KAI - f-Hp < I th > 0
.

Ergodic decomposition . let t be a pmp transformation on 141) .
We'll try to understand how to partition ✗ into



pieces on each of chick T is ergodic .

Recall/ Learn .

For a standard Borel space X , the space PIX) af

probability measures is standard Borel
,
where the Bonet

structure is induced by fixing a apart topology on ✗ at

taking the weak* - topology on PIX )
,
i.e .

Mn→ 9 :<⇒ tlfeclx) , / folk → ffdit .
✗ ✗

Ergodic deco-position ( Farrel - Varadarajan) . let T be a pup trans
. oak,M.

The is a T- invariant Bout u :X → PIX) set
.

✗ to Vx

lil Ead v. is T
-ergodic ul t- invariant aid 0×10+(0×7)=1

,

i.e. for any
✗ c. Pled in the image of this nap, Hutch -4 .

Iii) A = Jvx DNA
,
i. e. BEX Borel

, 91131--1-0×43)dMH
✗ ft- invariant ✗

'

✗
B

.fi. continuum

bb ↳ ↳
chosen

,

v.1) =L
The
map ✗ try is calledV47 "

the ergodic decomposition off over T
.



for. If xtsvx is the ergodic decomposition of 9 overt
,
then taxi)

,

E- If I Bt) = (✗ tsffd.it) .
¥

In particular
,
t Bond BEX

,

E- ( IB 103+1=1×1-50×431) .
Proof

. Exercise . 1

Sketch of proof of the Erg . Dec. Thin . let to be a dbl T- invariant

algebra of Boel sets tht generates all Borel sets
. 13g

T - invariant we wean
K A c-A

,
T
"

(A) c- t
. By the Caralhéodo-

y extension thin
,
each ✗ c- Pad is uniquely determined by

its values on A. thus
,
we can identify PIX) with a certain

subset of 10,17A .

With a bit of care
,
we can make this subset closed by

making✗ compact and Tioutinuous
.
Define v : ✗ → 10,1T by ✗ to / 11*1×1 /AEA.

Hwa HAE
I

play =/ 1,1×1191×1 =/ ↳ IAI DM'd . *)
✗ ✗

Moreover
,
H T- invariant YEX

,

Stadt =/ In.HdH=fv×lA)dH . Ht)
Y Y Y



Been enh ox is T- invariant al prob . measure on the algebra
&

,
it stays so on BCH

.
The rest of the properties efvx

are proven using 1kt I one also proves ft) for
all Boel sets by an approximation argument .

Ctb groups
at actions

ltbl groups . I , ☒

Products of cfbl groups : Id ,
2
"
:=t 2 :={✗c-IN:

HEIN

supplxl is finite) . Also 13×(7/221)
Free products : Ed

:=I*I;...☒K_ , Td :=%z*¥I

%z .

Def
. The Cagley graph of a group P with a fixed generating sets
is the graph Cagli, 51 whose vertices are the elements oft

at V-qrc.tl ,
r Egli,s) I :<⇒ 8-F- I for some res

.

directed

•

s %s This is a labeled ✓graph with labels se Si
y



I • • • • • • E- 9+-17 .

22 s :{ (-1-401,19+-1)} .

11=2 1- I

E. Ii
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.
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